Abstract-Using spacetime algebra, the Doppler shift, aberration and the refractive index covariance, relating the co-moving and laboratory frames, are readily obtained. Lorentz transformations and the cumbersome constitutive relations in the laboratory frame are circumvented altogether. The theory of a moving double-negative medium (DNG) is developed by using a lossless model to account for material dispersion. The normal surfaces and the Doppler effect are analyzed. We show that a complex index of refraction may arise in the laboratory frame as a result of a complex aberration effect. A physical interpretation for this new type of aberration is also presented.
INTRODUCTION
In recent years, DNG (double-negative) media, theoretically proposed by Veselago [1] , have become a research topic of growing interest. In the electromagnetic theory of moving isotropic -either DPS (double-positive) or DNG -media, negative refraction [2] and negative phase velocity [3] are now well-known effects, although the influence of material dispersion has been neglected so far.Čerenkov radiation in a lossy DNG medium was already addressed in [4] . Here we analyze plane wave propagation in a moving DNG medium by considering a lossless dispersive model to account for material dispersion. The laboratory frame moves with constant velocity relative to the proper (or co-moving) frame where the medium is at rest and, hence, seen as a DNG medium. Our main goal is to characterize this DNG medium from the perspective of the lab frame where it is seen as a bianisotropic medium. However, to circumvent the cumbersome calculations that such complex constitutive relations with magnetoelectric coupling impose, we will use the mathematical approach of Clifford's geometric algebra [5] [6] [7] . With this new formalism the vectors of Minkowski spacetime (absolute vectors) are related to the vectors of regular space (relative vectors) in a straightforward way. Using this new mathematical tool [5] we present a new method to obtain the Doppler shift, aberration and the refractive index covariance relating the co-moving and laboratory frames. All these effects are derived from a single geometric equation which depends exclusively on the (absolute) wave and velocity vectors. Both the normal surfaces and the Doppler effect in moving DNG media are analyzed for the first time, as far as the authors are aware. The analyses presented in the literature so far only handle normal surfaces not taking into account the Doppler effect. Herein, however, both effects interplay (as they should) and hence they have to be taken into account at the same time. The normal surfaces of a moving isotropic medium have already been analyzed by Chen [8] . However, in DNG media, the influence of dispersion on those surfaces was never reported (to our knowledge). We also show how dispersion has a decisive role, namely when the modulus of the refractive index is below one. In fact, in this case, a complex index of refraction is obtained in the lab frame as a new complex aberration effect arises. For this particular case the Doppler effect is, indeed, inconsistent: a real Doppler effect is found for the lab frame; from the proper frame perspective, however, there is a complex Doppler effect. We claim that the only consistent way to analyze this region is by taking losses into account. One should not forget that causality is an important issue in DNG media: dispersion is correlated to losses, as shown through the Kramers-Kronig relations [9] . Furthermore, we also stress that the distinction between a medium with a negative-index of refraction and a DNG medium is mandatory whenever losses are included [10] .
2. SPACETIME ALGEBRA Geometric algebra can be applied to an arbitrary space. For the Minkowski spacetime the algebra is named C 1,3 or C 3,1 , depending on the metric. We adopt the C 1,3 metric, i.e., for the unit orthogonal vectors (e 0 , e 1 , e 2 , e 3 ) we have: e 2 0 = 1, e 2 1 = e 2 2 = e 2 3 = −1. A general element of C 1,3 , which we call a multivector, is given by a (graded) sum of a scalar, a vector, a bivector, a trivector and a quadrivector. The geometric product is defined between any elements of C 1,3 . This product is associative and verifies the contraction property. The geometric product between two vectors is defined as the sum of a scalar (the usual dot or inner product) with a bivector (resulting from the outer or exterior product, ∧): ab = a · b + a ∧ b. A vector a, when aa > 0, is called a time-like vector and, when aa < 0, is called a space-like vector. Therefore, a vector can be decomposed as: a = a 0 e 0 + a, where a 0 is the time component and a = a 1 e 1 + a 2 e 2 + a 3 e 3 is the spatial component. With spacetime algebra there is a new way of relating spacetime (or absolute) vectors with vectors of R 3 (relative vectors). The geometric product of a vector with a unit time vector gives a graded sum of a scalar with a bivector: ae 0 = a 0 + ae 0 . The relative "vector" is actually the bivector A = ae 0 . In fact, R 3 is isomorphic to the subspace of bivectors (e 1 e 0 , e 2 e 0 , e 3 e 0 ) [5] . The scalar a 0 and the bivector A are relative quantities, i.e., they are frame dependent. Within the context of special relativity, the proper frame (f 0 , f 1 , f 2 , f 3 ) moves with constant velocity relative to the lab frame (e 0 , e 1 , e 2 , e 3 ). Accordingly, an absolute vector has a different representation in different frames. For our analysis we will only introduce two absolute vectors: the wave vector k = (ω 1 /c)(e 0 + n 1 ) = (ω 2 /c)(f 0 + n 2 ). and the velocity vector of a material point in the lab frame u = ce 0 = γ(cf 0 − β u), where γ = 1/ 1 − β 2 and β = v/c is the normalized velocity between frames. According to reversion, an operation that verifies the properties (ab) ∼ = ba,Ã = −A andã 0 = a 0 , relative quantities are related by
Furthermore,
, whereÛ is the relative velocity "vector" and N i = n iNi is the relative refractive index "vectors". Then, according to (1) ,
The Doppler effect is explicitly obtained in (2). Solving (2), we get
All terms in (3) are bivectors. The term N 2 ∧Û. is the exterior product of two bivectors and, in this case, it is also a bivector. Nevertheless, bivectors N 2 andÛ are time-like whereas N 2 ∧Û is space-like. From (3), after calculating N N and N ·Û, we get
where θ i is the angle between N i andÛ. Since both Equations (4) are still valid with the transformation n 1 ↔ n 2 , θ 1 ↔ θ 2 and β ↔ −β, we obtain, after some simple algebra, the more traditional expressions
where ξ = γ 2 (n 2 2 − 1). The plus (minus) sign in (5) corresponds to a DPS (DNG) medium.
DISPERSION EFFECT
The following dispersive model (in the proper frame) is used throughout [11] :
where Ω is the normalized frequency Ω = ω 2 /ω m , ω m is the magnetic resonance frequency, and the parameter Ω p , given by Ω p = ω p /ω m , is the normalized electrical resonance frequency. The numerical values F = 0.56 and Ω p = 5/2 were also adopted. According to this model, the medium behaves as DNG for 1 < Ω < (1 − F ) −1/2 . In the proper frame the refractive index is n 2 = ± √ εµ, the negative (positive) sign is chosen if the medium is DNG (DPS). The results for the problem under consideration depend on two parameters: the emitted frequency Ω and the relative velocity β between frames. The polar plots of the phase velocity, given by v p = c/n 1 , and the frequency shift, given by the parameter 1 + z = ω 1 /ω 2 , are presented in Fig. 1 for β = 0.3. This polar diagram has a simple graphical interpretation: in the lab frame and for a given direction, the receiver recognizes the frequency received and the corresponding phase velocity. The frequency surfaces reveal a complementary variation to the normal surfaces. For relative velocities above the phase velocity (theČerenkov point), as is in Fig. 1(a) ), double solutions occur for some angles (not only for the normal surfaces but also for the frequency plot). However, this type of solution occurs in the first quadrant for the normal surfaces and in the third quadrant for the frequency surfaces. For Ω ≈ 1 the index of refraction presents high values, thereby leading to a low phase velocity. This explains why in Fig. 1(a) theČerenkov point is crossed for low values of β. By increasing the frequency the index of refraction decreases and hence theČerenkov point is not crossed anymore, Fig. 1(b) . In Fig. 1(c) , the case where the index of refraction is very close to one is shown and two isotropic-like surfaces occur as expected. 1+z For lower values of the index of refraction a new effect may occur: in (5), if the argument of the square root is negative, the index of refraction becomes complex. This occurs for |n 2 | < β < 1 and implies that complex Doppler and aberration effects are present. However, the Doppler effect described in terms of the proper frame parameters, ω 1 = γω 2 (1 + n 2 β cos θ 2 ), seems to predict only real frequencies. Indeed, these two approaches are not consistent as only one of them predicts complex values. In what follows we will present a physical explanation that will shed light on this matter. Let us assume that θ 2 is complex: θ 2 = θ 2 + iθ 2 . According to aberration (5), a complex angle in the lab frame has a real representation in the proper frame whenever
One can then conclude from (6) that, for |n 2 | < β, a complex angle can have a real representation in the lab frame. This is the same limit as predicted before. Accordingly, the problem at hand is actually consistent as long as we allow for the existence of complex angles in the proper frame. A complex angle in the proper frame implies a complex index of refraction which means that losses must be taken into account. This is not surprising at all: in fact, whenever dispersion is included in the analysis, causality implies that we should have a lossy medium according to the Kramers-Kronig relations. Our main conclusion is that losses must be accounted for so that the entire problem can be formulated in a consistent way.
CONCLUSIONS
The influence of dispersion on a moving DNG medium was discussed. Using the formalism of spacetime algebra, a new simple derivation of the Doppler effect, aberration and refractive index covariance was presented. The normal surfaces and the Doppler effect were studied from the lab frame perspective. By representing these two effects in the same polar plot a complementary behavior was found between the two surfaces. It was shown that the influence of frequency dispersion deeply changes the nature of the problem. For emitted frequencies that correspond to high values of refractive index, the relativistic effects start to occur for lower velocities between frames. On the other hand, for a frequency band where |n 2 | < β a new result was reported: the Doppler and aberration effects can be complex. We found that aberration can indeed relate complex angles (measured in the proper frame) with real angles (measured in the lab frame). We claim that a proper interpretation of this problem requires that losses should be taken into account in our dispersion model, so that causality is respected as imposed by the Kramers-Kronig relations.
